(1 . 4) Dk= lim Qk(x) ; X-> .
x
(1 . 5) dk= inf Qk(n ) ) n°~o n 1964, Kenneth Rogers [11] showed that Actually Q2(176)-d2 -53 .60227273 . 176 88
_
In 1966, Stark [12] showed by analytic methods that for all k>2, It may be noted that this implies that dk is attained for some value of n . It is trivial that d,<d,< . . . <dk . . . < 1 .
This follows from the observation that Q2CQ3C . . .CQkC . . .
where Qk=the set of k-free integers . As Duncan observed [4] , it is easily proved that the asymptotic and Schnirelmann densities interlace :
(1 .7) dk < Dk <dk+,<Dk+, .
Also a simple estimate gives (1 .8) dk> 1 -E p-k, p primc This is due to Duncan [5] , who also proved that dk +l is closer to Dk+i than to Dk, and in fact (1 .9) Dk+i -dk+i < 1 Dk+i-Dk 2k
In 1969, Orr [9] gave a non-analytic proof for the result (1 .6) . A simpler and entirely elementary proof (unpublished) of this is due to Hardy .
Orr also showed that if nk denotes any of the values of n where Qk(n) attains the value dk, then for k>5 n (1 . 10) 5k<nk<6k .
He also calculated dk for k=3, 4, 5 In a recent paper Diananda and Subbarao [3] obtained the following results, among others :
thus improving (1 .8) ;
(1 .12) For k>5, the largest nk for any given k satisfies j6k<n"<6k .
(1 .13) THEOREM . For k>5, there is an nk so that
(1) 3kjnk or 5kink, or (2) 2kjnk and between nk-2k and nk there is a multiple of 3k or 5k .
In this note we are mainly concerned with the following questions that arise in this connection :
(1 .15) Is dk closer to (I -2-k-3-k-5-k) or to Dk? What is the estimate for the difference between dk and the closer one ?
(1 .16) For a given k, can we obtain precise information about the (maximal) value of nk and preferably, can we get a formula for the exact value of this maximal value for infinitely many k if not for all k ?
2 . An estimate for dk -(1-2-k-3-k-5-k)
In answer to the first question, we show that dk is in fact closer to 1 -2 -k--3-k --5 -k than to Dk . In fact we prove a little more and answer a querry raised by Pomerance [10] by showing that :
Proof. Let S=Sk denote the set of integers n o in the interval (j6k, 6k) such that each no is the first multiple of 2k following the first multiple of 3k that follows some multiple of 5k in the interval .
Let a=distance between the multiple of 5k chosen and the immediately following multiple of 3k :
b=distance between the multiple of 3k and the immediately following multiple of 2k .
Then 0,<a-<_3k ; 0<,b_<_2k . Now
Hence the theorem follows . b
Using the values of dk for k<75 that we have, we found that nk is as in (3 .1) with m=0 for k=5 and all k in the range 13~k<75 .
We therefore make the following conjecture : (3 .5) CONJEC1 UR,, . For all sufficiently large k, we have dk=Qk(n a )/no for some n o in the set Sk (in the interval (I,6k, 6k) .
Alternatively, (3 .6) CONJECTURE . The Schnirelmann density dk of the set of k-free integers is attained (for all sufficiently large k) at an integer n" which is the first multiple of 2~ following the first multiple of 3k that follows some multiple of 5k in (16k, 6•k) .
We mention here some related problems that seem interesting . Le pl---P2< . . .<Pk be any finite set of primes for which S(p, . . ., pk) k has Schnirelmann density a<17 (1-1/pi) .
i -1
Consider the set of all primes (p 1 , . . ., pk, q 1 , q,, . . .) for which S(p, . . ., Pk, q, • . •) has asymptotic density >a and Schnirelmann density a . (Note that if the q's are very large, they will not change the Schnirelmann density .) Let p 1 < p 2 < . . . < pk<Pk+i<Pk+2 < • • be a maximal set with this property (maximal means that no prime can be replaced by any smaller one) . It is easy to see that S(p h . . ., Pk, Pk+i • • •) has both Schnirelmann density and asymptotic density a . Let I<al<a,< . . ., (ai, a;)=1, E 1/ai < oo be any sequence of integers for which asymptotic density of S(al , . . .) is a . Denote by S(a) the lower bound of the Schnirelmann densities of these sequences. It is not hardto see that S(a)>0 for a>0 . Determine or estimate S(a) . If the condition (ai, aj)--1 is dropped, it easily follows from a theorem of Besicovitch that (a)=0 for every a<l .
(4 .5) Let n be any integer . The asymptotic density of the integer relatively prime to it is of course w(n)l n . Denote its Schnirelmann density by a(n) . We have a(n)<(P(n)/n . a(n) has a mean value, but it may not be too easy to get a nice formula for it ; also it has an asympotic distribution function, but a(n) is of course not multiplicative . It is easy to see that k k+i min an =1/(pk+ 1 -1) where 17 pi<x< 17 pi . 
